
 

31 Normalordered product

Let V be a supervector space V V Vt
Recall Acm ReszA 2 zh

A formal distribution a

Edge
is a field

if for any VEV we have

amu 0 for n 770

In
Normally ordered product of two fields alz and b z is

a z b z a z b z G
P beza z

where a Emt att E.am E

So the nth coefficient using theexpansion a z b z
m Re Eblz

a E blz
cm IEdepbanja

GDP benji acp

Since alz blz are fields the above when applied to

produce only finitely many non zero terms
thus a z b z is a formal distribution we can't
dothis for general formal distri but with two different



general

indeterminates we can

Go further claim

alz b z is even a field

Given a VEV let be v o for s M

agiv
o for j IN

bassay v o 154N for s K

for some M N K E E

Then a z blz c v o for n M N K

from divert observation

Space of fields with normally ordered prd form an

algebra which is neither commutative or associative in

general

alz is a field Jacz is a field
0 a z b z Oa z b z a z 2b
which is a direct calculation from using 2aG1 2 a z

Recall for ne E we had the nth product offormaldir

a wcmb w Resz a z b w Z W



Due to we can define nth product for fields
also for ve n

a E
n
b z 2 a z b z nEZ

In
Field in Z w EEnd V

a z w E.negtmimz mtwhts.tn

For each VEV

Acmn
v o if m N resp n N for some

N indep of n resp m when n KO

resp m Co

a w w is a well defined field

Another version ofTaylor

WET
any field act w any positive integer N

there exists fields

c w N 1 and d z w sit

aCzw É icw z wJ z w d z w

Uniquely determined are 2 a z w z w



Stragy

Uniqueness of Ccw Differentiate the above

j timesurt z let z w

Excne Do for N 1

a z w w z w d z w

Tacos
Direct from above formulas Applying

for this
gives N

z
There were several equiv prop

but one ofthem higher
Z w acz b w o for NDO

the
let alz b z be mutually local N be a

positive integer Then there exists a field dN z w

s t in the region 121 w

a zblw Σjz.nuEfI cz

wNangwcoeff.ofCz
wJ5 forj N is

no surprise Unique



Pf Use lemma3.1 to a z b w are

2 a z b z O a z b z a 2 2b
use

OPE albus adf.tt t ahblws

where a w nb w Res acz blw z w

For OPE of mutually local fields we can use Taylor
upto required order

Turns out a nice formula for all nth products
of fields in EE

alw cmb w

Resz a z b w izw z w E 1 Bcwa z inz
z w

3 2 Dong's lemma

Wff bcz cCz are pairwisemutually local fielo

resp formal distri then aG in
b z and CZ are

mutually local fields resp formal distri for all n EE



resp for nE2 In particular a z biz and
Z are mutually local provided a z b z clear

It This is by defn locality of
a z1mblz z

Ro z
z z ⁿa z b z W

DpaP'b
z z
Cz z bG acz w

Ref w
M

podcastp b iz z z zjc w a zpbG

GDP P'biz
z
z Z c w bGa D

Strategy Brute tone

Suffices to show that for M 770

22 3 MA 22 23 B

where A iz z z 22Pa z b zz c z3

G Plap b
izz z Cz Zz b zzla z c Z3



B DP
PCD

iz 21 22 capatedbled

GP biz z 2 c zz b zz aG

Take 72 2

Zz w

Resz on both sides use

alw cmb w

Res
z

a z b w izw z w E 1 Bcwa z inz
z w

to see this is by defn Mutual locality

of atz7mbG Cz

Pairwise locality for v70

z Z a z b 2 G 22 GDP
P b z a z

22 23 2 2 Gz 22 23 G capb z2

Z 23Pa z Zz Z 237GDP PÉzpa z



Using these pairwise mutually local relations one can
show that the LHS of reduces

to let M ar n r CIlan choose v in this

way

Én 5 22 2,3 z 235 22 237A

11118 RHS will be

Én 5 22 2,3 z 23s 22 237B

Defn

glf V space of all fields over 4 with
values in End V Under the
nth product glf V is closed NEZ
This is called general linearfield

algett

AC glfV subspace containing identity

operator Iv and closed under n products nE

is called a linear field algebra



A linear field algebra is called local if it
insists of mutually local fields
A collection of fields generates a field algebra

A it A is the minimal field algebra
containing the fields we started out with

Dong's lemma A linear field algebra generated

by mutually local fields is

local

83.3 Wick's thm and a non commutative

generalization

Normally ordered pro of more than two fields is
defined inductively from right to left

Eg a z a z a z a z a z a z

So more generally

a z7a z an z a z an z antz

which consists of 2N terms of the form

a z a z a z a z



where 5,4524 J 7527 is a permutation

of the set 1 2 N and I sign is

determined by the sign of this permutation but
we remove the indices of the even fields first
super mle

Wick's thm is useful for the calculation of OPE
of two normally ordered product of freefields

The Wick

Let a'G aM z and b z bN z be some

collectionof fields St

1 ailz bi w ckCz 0 i j b and c aerb

Thai called contraction

2 a E b w o Hi j
Then one has the following OPE in 1217 w

region



MinCMN
a z aM z b w bN W

E E ci
J Js

I a b asb's a z amCzb w bNw
in isijion.is

the superrule
explained above T

means a z a s z

b w b's w

fields are removed
Strategy

Quite direct painful calculation where you look

at what a typical term on LHS looks like
and try to move a z across bi w for
some i j then use commutation relations
in the assumptions of the thm to determine

what termo you pick up as you move the
terms across

A collectionof fields a z is called a free
field theory if all these fields are mutually
Tall the coefficients of the singular



I gal

parts of the OPE are multiples of the identity

Thus for a free field theory we can use

Wide's thm above to calculate OPE
betweens

normally ordered products

Generalization of
Prop_33_ Prop 2.3 but there we had nE2

formal distributions

a For any two fields a w blw nEZ

Ja wD btw nacw crab w

b For any mutually local fields afu blw
NEG

alwan bow C Dmp Ego beanpalus

c For any three fields a w b w c w

and for any mtZ in EE one has

a w cm b w cm CW E 1 acwcpbcwbamng.tw

e Plap btw acwcm Cw



No proof

letting n 1 from above one arrives at the
Allowsone to calculate OPE of arbitrarily

following normally ordered protoofpairwiselocal fields

Ecm blz cCz a 2 cm b z Cz

GP
a PCD b z a z2m c Z

Éj 1 aczlpbGD.mg
CG

which is the non commutative version of Wick's
thm The assumptions of Wick's thm need not
be assumed but we get some extra correction

terms


